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Abstract
The rational homology of the Torelli group of genus g relative to n distinguished points and r "xed
embedded disks is proved to be in"nite dimensional if g is su$ciently large relative to n#r. In particular, the
rational homology of the (classical) Torelli group of genus g is in"nite dimensional when g*7. In addition,
the rational homology of the subgroup of the Torelli group of genus g generated by all the Dehn twists along
separating simple closed curves is proved to be in"nite dimensional when g*2. ( 2000 Elsevier Science
Ltd. All rights reserved.
MSC: primary 55R40; 32G15; 20F38; secondary 20J99; 57M99
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1. Introduction
Let R
g
be a closed orientable surface of genus g*2. Let Mn
g,r
be the mapping class group of
R
g
relative to n distinguished points and r "xed embedded disks. The action of Mn
g,r
on the "rst
integral homology of R
g
induces a surjective homomorphism
Mn
g,r
PSp(2g,Z),
where Sp(2g,Z) is the Siegel modular group of degree g. The Torelli group In
g,r
is de"ned to be its
kernel so that we have an extension
1PIn
g,r
PMn
g,r
PSp(2g,Z)P1.
0040-9383/01/$ - see front matter ( 2000 Elsevier Science Ltd. All rights reserved.
PII: S0040-9383(99)00050-6
We omit the decorations n and r when they are zero and keep the assumption g*2 throughout the
paper.
Torelli groups are important objects in both geometric topology and algebraic geometry.
Indeed, they are related to characteristic classes of surface bundles, the Casson invariants and "nite
type invariants of homology 3-spheres, and moduli spaces of curves with or without level structure
(see [4}6,18}20] for instance). However, little is known about the structure of Torelli groups apart
from D. Johnson’s several fundamental results concerningI
g
andI
g,1
obtained in a series of papers
[10}13] (see also [14,6]). In particular, he proved thatI
g
andI
g,1
are "nitely generated when g*3
and computed their "rst integral homology. On the contrary, Miller and McCullough [17] showed
that I
2
is not "nitely generated. Mess [16] showed that I
2
is a free group on in"nitely many
generators. Johnson and Millson showed that H
3
(I
3
, Z) contains a free abelian group of in"nite
rank (cf. [16]). To date, it is not known whetherIn
g,r
is "nitely presented for g*3. For other results
concerning of the structure of Torelli groups, see [14,16,6] and references therein.
The purpose of this paper is to investigate the rational homology of Torelli groups and their
certain subgroups. By one of Johnson’s results mentioned previously and its generalizations, the
"rst rational homology H
1
(In
g,r
, Q) of the Torelli group In
g,r
is "nite dimensional when g*3 (see
[5,6] for the explicit computation). We will prove:
Theorem 1. For all n, r*0, the rational homology HH(Ing,r, Q) of the Torelli group Ing,r is inxnite
dimensional as a vector space over Q if g is suzciently large relative to n#r. In particular, HH(Ig, Q),
HH(I1g , Q), and HH(Ig,1,Q) are inxnite dimensional for g*7.
This theorem answers negatively to the question posed by Johnson [14] which asks whether the
Torelli space T1
g
(see Section 2 for the de"nition) is homotopy equivalent to a "nite complex,
provided g*7.
For n#r)1, letKn
g,r
be the subgroup ofIn
g,r
generated by all the Dehn twists along separating
simple closed curves. The groupsKn
g,r
are characterized as the kernel of Johnson homomorphisms
when g*3 (see Section 5) and are related to the Casson invariants of homology 3-spheres through
the work of Morita [18,20,21]. For g"2, K
2
is equal to I
2
so that it is a free group on in"nitely
many generators. In contrast, the groupK
g
is not free for g*3 and almost nothing is known about
the structure of this group. We will prove:
Theorem 2. For all g*2, the rational homology HH(Kg, Q), HH(K1g , Q), and HH(Kg,1, Q) are inxnite
dimensional as a vector space over Q.
The content of this paper was announced in [1].
Remark 1. There is no general agreement on the de"nition of In
g,r
when r#n’1. We employ the
one which was used in [5,6]. It di!ers from that which was given in [12].
2. Preliminaries
In this section, we recall relevant de"nitions and facts which will be used later. The reader should
refer to [6,8] for further detail.
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For integers g*2 and n*0, let Tn
g
be the TeichmuK ller space of genus g with n marked points.
The mapping class group Mn
g
acts on Tn
g
properly discontinuously and the quotient space
Mn
g
"Tn
g
/Mn
g
is identi"ed with the moduli space of curves of genus g with n marked points. The
Torelli group In
g
is torsion-free and hence it acts on Tn
g
freely so that the quotient space
Tn
g
"Tn
g
/In
g
is a complex manifold. Moreover, sinceTn
g
is contractible, Tn
g
is the classifying space of
In
g
so that there is a canonical isomorphism
HH(Ing,Z)+HH(Tng,Z).
Tn
g
is called the Torelli space and admits a moduli interpretation as well (see [5,6]). The action of
Mn
g
on Tn
g
induces the properly discontinuous action of the Siegel modular group
Sp(2g,Z)"Mn
g
/In
g
on Tn
g
so that the quotient space Tn
g
/Sp(2g,Z) coincides with Mn
g
.
Let S
g
be the Siegel upper half space of degree g. The group Sp(2g,Z) acts on S
g
properly
discontinuously and the quotient space A
g
"Sp(2g,Z)CS
g
is identi"ed with the moduli space of
principally polarized abelian varieties of dimension g.
For an integer ‚*3, let C(‚) be the principal congruence subgroup of Sp(2g,Z) of level
‚ de"ned to be the kernel of the canonical homomorphism
Sp(2g,Z)PSp(2g,Z/‚Z).
C(‚) is a torsion-free subgroup of "nite index of Sp(2g,Z) and hence it acts on S
g
freely. The
quotient space A
g
(‚)"C(‚)CS
g
is identi"ed with the moduli space of principally polarized abelian
varieties of dimension g with level ‚ structure. It is known that A
g
(‚) is homotopy equivalent to
a "nite complex (see [2,24,3] for instance).
Let Mn
g
(‚)LMn
g
be the full inverse image of C(‚) under the homomorphismMn
g
PSp(2g,Z) so
that it "ts into an extension
1PIn
g
PMn
g
(‚)PC(‚)P1.
Mn
g
(‚) is a torsion-free subgroup of "nite index of Mn
g
and hence acts on Tn
g
freely. The quotient
space Mn
g
(‚)"Tn
g
/Mn
g
(‚) is identi"ed with the moduli space of curves of genus g with n marked
points and level ‚ structure. The action ofMn
g
(‚) onTn
g
induces the free action of C(‚)"Mn
g
(‚)/In
g
on Tn
g
so that the quotient space Tn
g
/C(‚) coincides with Mn
g
(‚). It is known that Mn
g
(‚) is homotopy
equivalent to a "nite complex (see [8] for instance).
3. Proof of Theorem 1
First we will prove the arguments forIn
g
(n*0). Fix an integer ‚*3. Since the Siegel upper half
space S
g
is contractible, the projection S
g
PA
g
(‚) is the universal principal C(‚)-bundle. The
associated bundle
Tn
g
PS
g
]C(L)TngPAg(‚) (1)
is nothing but the Borel construction on the Torelli space Tn
g
regarded as a C(‚)-space. Since C(‚)
acts freely on Tn
g
, the total space S
g
]C(L)Tng is homotopy equivalent to the quotient space
Tn
g
/C(‚)"Mn
g
(‚).
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Now suppose that HH(Ing, Q)+HH(Tng, Q) is "nite dimensional. Since Ag(‚) is homotopy equiva-
lent to a "nite complex, we may apply the following lemma to the associated bundle (1):
Lemma 1. Let FPEPB be a xbration such that B is a xnite complex and dimQ HH(F, Q)(R.
Then dimQ HH(E, Q)(R and
sQ(E)"sQ(F) ) s(B),
where sQ is dexned by sQ(!)"+i(!1)idimQ Hi(!,Q).
This lemma is a direct consequence of the Serre spectral sequence applied to the "bration
FPEPB. As a result, one has
s(Mn
g
(‚))"sQ(Tng) ) s(Ag(‚)).
Since both of the projections A
g
(‚)PA
g
and Mn
g
(‚)PMn
g
are DSp(2g, Z/‚Z)D-fold orbifold cover-
ings, one has
s(A
g
(‚))"DSp(2g,Z/‚Z)D ) e(A
g
),
s(Mn
g
(‚))"DSp(2g,Z/‚Z)D ) e(Mn
g
)
and hence
e(Mn
g
)"sQ(Tng) ) e(Ag), (2)
where e denotes the orbifold Euler characteristic in the sense of [9,8]. Here we regard
A
g
"Sp(2g,Z)CS
g
as an orbifold with the orbifold fundamental group Sp(2g,Z), although Sp(2g,Z)
does not act e!ectively on S
g
. According to Harder [7] (see also [24,3]), one has
e(A
g
)" g<
k/1
f(1!2k),
while according to Harer and Zagier [9] (see also [8,22,15]), one has
e(Mn
g
)"G
1
2!2g f(1!2g) if n"0,
(!1)n~1(2g#n!3)!
(2g!2)! f(1!2g) if n’0,
where f is the Riemann f-function. Hence equality (2) leads to
sQ(Tng)"G
1
2!2g
g~1
<
k/1
1
f(1!2k) if n"0,
(!1)n~1(2g#n!3)!
(2g!2)!
g~1
<
k/1
1
f(1!2k) if n’0.
By de"nition, sQ(Tng) must be an integer and the proof of the arguments for Ing (n*0) is then
completed by virtue of the following lemma which will be proven in the next section.
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Lemma 2. For positive integers m, n, set
e(m, n)"(2m#n!1)!
(2m)!
m
<
k/1
1
Df(1!2k)D.
Then, for all n*1, e(m, n) is not an integer if m is suzciently large relative to n. In particular, e(m,1) is
not an integer for all m*6.
Next we will prove the arguments for In
g,r
(r’0). Let D
i
(1)i)r) be the "xed embedded disks
in the reference surface R
g
. For 1)i)r, let m
i
be the Dehn twist along a separating simple closed
curve parallel to the boundary of D
i
LR
g
. It is easy to see that the mapping class groupsMn
g,r
and
Mn‘r
g
"t into a central extension
1PZrPMn
g,r
PMn‘r
g
P1, (3)
where the central subgroup Zr is the free abelian group of rank r generated by the Dehn twists
m
i
(1)i)r). Let
1PZrPIn
g,r
PIn‘r
g
P1 (4)
be the pull back of the central extension (3) by the inclusion In‘r
g
6Mn‘r
g
. Consider the Hoch-
schild}Serre spectral sequence for extension (4):
E2
i,j
"H
i
(In‘r
g
, H
j
(Zr, Q))NH
i‘j
(In
g,r
, Q).
Since extension (4) is central, one has
E2
i,j
+H
i
(In‘r
g
, Q)?QHj(Zr, Q)+Hi(In‘rg , Q)
^( rj).
Suppose that g is su$ciently large relative to n#r so that HH(In‘rg , Q) is in"nite dimensional. Let
s be the smallest positive integer satisfying dimQ Hs
(In‘r
g
, Q)"R so that dimQ E2s,H"R and
dimQ E2i,H(R for all i(s. Then dimQ Er‘1s,0 "R for all r*2. This follows from (i) Er‘1s,0 is the
kernel of the di!erential dr
s,0
:Er
s,0
PEr
s~r,r~1
, and (ii) dimQ Ers~r,r~1
)dimQ E2s~r,r~1(R by the
assumption on s. But Er
s,0
+E=
s,0
for su$ciently large r because of the dimensional reasons. This
proves that HH(Ing,r, Q) is in"nite dimensional if g is su$ciently large relative to n#r. Finally, the
argument for I
g,1
follows from the previously proved fact dimQ HH(I1g , Q)"R for g*7.
Remark 2. The TeichmuK ller space Tn
g,r
is de"ned even when r’0. The mapping class group
Mn
g,r
acts on Tn
g,r
properly discontinuously and the quotient space Mn
g,r
"Tn
g,r
/Mn
g,r
admits
a moduli interpretation as well (see [6] for further detail). However, for all g*2 and n*0, the
orbifold Euler characteristic of Mn
g,r
is given by
e(Mn
g,r
)"0 (5)
whenever r’0. Hence the analogue of equality (2) for r’0 does not provide a contradiction.
Equality (5) is a consequence of the central extension (3) and we omit the detail.
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4. Proof of Lemma 2
Recall that the Riemann f-function is de"ned for Re s’1 by
f(s)" =+
n/1
1
ns
.
On the other hand, the functional equation
f(1!2k)"(!1)k 2 ) (2k!1)!
(2n)2k
f(2k)
holds for any positive integer k. It follows that
Df(1!2k)D"2 ) (2k!1)!
(2n)2k
=
+
n/1
1
n2k
’2 ) (2k!1)!
(2n)2k
for any positive integer k, and hence
0(e(m, n)((2m#n!1)!
(2m)!
m
<
k/1
(2n)2k
2 ) (2k!1)!
for any positive integer m. We claim that the right-hand side of the last inequality converges to 0 as
mPR. Indeed, regarding the right-hand side as a numerical sequence with respect to m, the ratio
of the (m#1)th term to the mth term is given by
(2m#n#1)(2m#n)
(2m#2)(2m#1) )
(2n)2m‘2
2 ) (2m#1)!.
This converges to 0 as mPR, hence verifying the claim. We conclude that e(m, n)(1 and hence
e(m, n) is not an integer if m is su$ciently large relative to n. The "rst assertion is proved. To prove
the second assertion, observe that
(2n)2k
2 ) (2k!1)!(1
holds for k*9. It follows that e(m,1) is strictly decreasing with respect to m for m*9. On the other
hand, one has
14
<
k/1
f(1!2k)"!297203.112 .
We see that, for all m*14, e(m,1)(1 and hence e(m,1) is not an integer. It remains to be proven
that e(m,1) is not an integer for 6)m)13. However, this can be veri"ed by direct calculations and
we omit the detail.
Remark 3. Actually, e(m, n) is not an integer for n(678 and m*6 and hence HH(Ing,r, Q) is in"nite
dimensional for n#r(678 and g*7. We describe brie#y how this can be proven. Recall that
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f(1!2k) for positive integer k is given by
f(1!2k)"!B2k
2k
3Q,
where B
2k
is the 2kth Bernoulli number de"ned as the coe$cient of z2k/(2k)! in the power series
expansion of z/(ez!1). On the other hand, von Staudt’s theorem asserts that the denominator of
B
2k
is not divisible by a prime p if 2k(p!1 (cf. [23]). By applying von Staudt’s theorem to the
primes 691 and 3617, the numerators of B
12
and B
16
respectively, we see that e(m, n) is not an
integer for n(678 and 6)m)1470. Now the assertion follows from an inequality
e(m, n)((2m#677)!
(2m)!
)
m
<
k/1
(2n)2m‘2
2 ) (2m#1)!(1
which holds for n(678 and m*37.
5. Proof of Theorem 2
When g"2, the argument follows from the fact that K
2
is a free group on in"nitely many
generaters together with obvious surjectionsK1
g
PK
g
andK
g,1
PK
g
. Henceforth we will assume
g*3. To prove Theorem 2 for g*3, we "rst recall some of D. Johnson’s results concerning Torelli
groups. Suppose g*3 and [R
g
]3’2H
1
(R
g
, Z) corresponds to the fundamental class of R
g
. Under
these conditions, Johnson constructed in [10] natural Sp(2g,Z)-equivariant surjective homomor-
phisms
q
2,1
:I
g,1
P’3H
1
(R
g
,Z)
and
q
2
:I
g
P’3H
1
(R
g
,Z)/([R
g
]’H
1
(R
g
, Z))
and proved in [12] that ker q
2,1
"K
g,1
and ker q
2
"K
g
(see also [14,5]). The homomorphisms
q
2,1
and q
2
are called Johnson homomorphisms. For simplicity, we abbreviate ’3H
1
(R
g
, Z) by ’3H
and ’3H
1
(R
g
, Z)/([R
g
]’H
1
(R
g
, Z)) by ’3H/H.
First we will prove the argument for K
g
. As a consequence of Johnson’s results, K
g
"ts into an
extension
1PK
g
PI
g
q2P ’3H/HP1.
Take the classifying space of each group in the extension to yield a "bration
BK
g
PBI
g
PB(’3H/H). (6)
Observe that the classifying space BI
g
of I
g
is homotopy equivalent to T
g
and B(’3H/H) is
homotopy equivalent to the (2g
3
)!2g-dimensional torus since ’3H/H is a free abelian group of
rank (2g
3
)!2g.
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Now suppose that HH(Kg, Q)+HH(BKg, Q) is "nite dimensional. By applying Lemma 1 to the
"bration (6), we see that dimQ HH(Tg, Q)(R (and hence 4)g)6) and sQ(Tg) is given by
sQ(Tg)"sQ(BKg) ) s(B(’3H/H))"0,
since s(B(’3H/H))"0. However, if dimQ HH(Tg, Q)(R then sQ(Tg) must satisfy
sQ(Tg)"
1
2!2g
g~1
<
k/1
1
f(1!2k)O0
as in the proof of Theorem 1. A contradiction.
To prove the argument for the group K1
g
, we will identify K1
g
with the kernel of the Johnson
homomorphism for I1
g
.
Lemma 3. For g*3, the Johnson homomorphism q
2,1
induces a surjective homomorphism
q1
2
:I1
g
P’3H with kerq1
2
"K1
g
.
Proof. Recall that Torelli groups I1
g
and I
g,1
"t into a central extension
1PZPI
g,1
PI1
g
P1, (7)
where the central subgroup Z is generated by the Dehn twist m along a simple closed curve parallel
to the boundary of a "xed embedded disk DLR
g
. (Extension (7) is a special case of (4).) The Dehn
twist m is contained inK
g,1
and hence q
2,1
induces a surjective homomorphism q1
2
:I1
g
P’3H. The
kernel of q1
2
coincides with the image ofK
g,1
under the homomorphismI
g,1
PI1
g
. But the image of
K
g,1
is nothing butK1
g
since any Dehn twist along a separating simple closed curve is isotopic to
that which "xes the embedded disk pointwise, hence verifying ker q1
2
"K1
g
. h
As a consequence of Lemma 3, we have an extension
1PK1
g
PI1
g
q12P’3HP1.
Take the classifying space of each group in the extension to yield a "bration
BK1
g
PBI1
g
PB(’3H).
Now BI1
g
is homotopy equivalent to T1
g
and B(’3H) is homotopy equivalent to the (2g
3
)-
dimensional torus since ’3H is a free abelian group of rank (2g
3
). The rest of the proof is similar to
that of K
g
.
Finally, we will prove the argument for the group K
g,1
. We keep the notations in the proof of
Lemma 3. The restriction of the homomorphism I
g,1
PI1
g
to K
g,1
yields a surjective homomor-
phism K
g,1
PK1
g
. Since the Dehn twist m is contained in K
g,1
, the kernel of K
g,1
PK1
g
is the
in"nite cyclic subgroup generated by m so that we have a central extension
1PZPK
g,1
PK1
g
P1. (8)
Similar to the proof of Theorem 1 for In
g,r
(r’0), the argument for the group K
g,1
now follows
from the Hochschild}Serre spectral sequence for the central extension (8) together with the
previously proved fact dimQ HH(K1g , Q)"R for g*3.
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